Chapter 4
On the use of Density Kernels for Concentration Estimations
Within Particle and Puff Dispersion Models*
Abstract—Stochastic particle models are the state-of-science method for modelling
atmospheric dispersion. They simulate the released pollutant by a large number of particles. In
most particle models the concentrations are estimated by counting the number of particles in a
rectangular volume (box-counting). The effects of the choice of the width and of the position
of these boxes on the estimated concentration is investigated. For the estimation of the
concentration at a given point in space, it is shown that this numerical procedure can cause
either oversmoothed predictions or too much scatter. As an alternative approach, the density
kernel method to estimate concentrations is proposed, which optimizes bias and variance. It
allows for a reduction of the number of particles simulated for the same accuracy. The
efficiency of several density kernel shapes is compared, and methods for choosing their
bandwidths are proposed. The relationship between the numerically motivated bandwidths
and the description of the growth of a cluster of pollutant particles (puff dispersion) is
discussed.
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4.1 INTRODUCTION

At present, stochastic particle or random-walk models are the most advanced approach to
simulate atmospheric dispersion, especially for convective atmospheric conditions (for a
review, see Wilson and Sawford 1996). In such particle models, the emitted pollutant is
simulated by a large number of particles, which are assumed to exactly follow the flow. This
approach has several advantages over dispersion models like Gaussian plume or puff models.
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However, simulating the emitted pollutant by many discrete particles brings up one difficulty:
the correct estimation of the concentration at a certain location.
In atmospheric dispersion modelling with stochastic particle models, it is common practice to
calculate such averages over a grid cell in space, i.e. by counting all particles in a box (see,
f.e., Borgas and Sawford 1994; Luhar and Rao 1994; Hurley and Physick 1991; Luhar and
Britter 1989; Rotach et al. 1996). The estimation of concentration is then obtained by
multiplying the number of particles with their mass, and dividing this total mass by the size of
the grid box. This way of counting the number of particles in a box is identical to calculating a
three-dimensional histogram. Of course, if the volume average over such a box is what the
modeler wants, such box-counting methods are most efficient.
Histogram estimations in general depend, however, on the choice of the width and the centre
of the averaging interval, area or volume. To estimate point concentrations in the context of
atmospheric dispersion modelling, there are no physical restrictions determining either the
centre of a numerical averaging volume, or its size (besides the sampling volume of field
instruments, which would lead to very small averaging volumes). This means that when
choosing large averaging volumes, important details might get lost, and the estimation of the
concentration density simulated by the particles will be oversmoothed. On the other hand,
when choosing small averaging volumes, one runs at risk having random fluctuations in the
number of particles per sampling volume.
The stochastic particle modeller will thus try to choose ”reasonable” sizes and positions of the
averaging volumes. The differences in the resulting concentration predictions can be
significant (see section 4.2) and of the same order of magnitude as effects which are of interest
(i.e. are to be modelled). It should be stressed that this uncertainty originates from a numerical
procedure only. Since atmospheric dispersion modelling already has to cope with considerable
uncertainties, it is desirable to have a numerical method for concentration estimation within
particle models which does not lead to much additional uncertainty.
Another approach to obtain concentrations with stochastic particle models is the backwardmodelling approach of Flesch et al. (1995). In this approach box-counting is used, but instead
of having an exact source location, the backward method has an exact receptor position (and
thus sampling box position), and all backward trajectories coming ”near” to (i.e., originating
from) the source are related to that source. This approach is suited for area sources together
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with small receptor volumes. But even then, in principle the uncertainities related with either
box-counting or kernel methods can only be circumvented when the source is located exactly
at ground level, and all particles being reflected at the ground surface within the source area
being related to the source. Flesch et al. (1995) discuss this special case into detail.
Clearly, for very high particle densities, the uncertainties of box-counting vanish; e.g. Borgas
and Sawford (1994) theoretically assume the number of particles be ”high enough” for the
choice of the dimensions of the particle counting box to be ”negligible”. But at present,
computing power still drastically limits the number of particles which are normally emitted.
With computing power currently available, only for one-dimensional models the effects might
become negligible (see section 4.2).
For these reasons, another method is proposed in this paper. It relies on the concept of density
distributions of different shape which are ”added” to the particle’s position, i.e. the mass
represented by the particle is spread out in space. Such a density distribution around the centre
of mass is called the density kernel. The kernel method has been widely applied since it was
introduced in 1950 (for a good review, see Scott 1986, Ch. 6), whereas in atmospheric
dispersion modelling the box-counting method is still used despite its deficiencies; Lorimer
(1986) was the first, to the author’s knowledge, to use a kernel method for atmospheric
dispersion modelling.
In contrary to the choice of box size and position, which makes the box-counts a bad choice
for concentration estimation, the shape of the kernel and its width as a function of the particle
distribution have to be specified. Of these two, the latter is chosen such that the bias and
variance of the concentration estimation are minimised jointly. The number of particles
normally simulated at present is more than sufficient to let this method become nearly
independent of the shape of the kernel. This makes the kernel density method a suitable
approach for particle modellers to estimate the concentrations simulated by their model.
The RAPTAD model of Yamada et al. (1987) and Yamada and Bunker (1988) combines a
particle model with Gaussian shaped density kernels. They use the physical concept of
absolute dispersion to estimate the appropriate size of these kernels. This approach is
discussed in more detail in Section 4.6.
The box-counting method to estimate concentrations in particle models is reviewed in section
4.2. The concept of density kernel estimators is introduced in section 4.3, and the important
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issue of the determination of the bandwidth of such kernels is treated in section 4.4. Different
kernel shapes are compared in section 4.5. The analogy between these numerically determined
density kernels and the physical description of the expansion of a cluster of particles is
discussed in section 4.6.
4.2 CONCENTRATION ESTIMATION BY BOX-COUNTING
4.2.1 Box-counting in particle models
The smoothing of any given data actually is a non-parametric method to estimate the ”true”
curve (being a density or a function), which is polluted by random noise. Most particle model
simulations are one- or two-dimensional. The histogram (i.e., box-counting, see above) still is
the commonly used density estimator for particle models. In the vertical direction, the size of
the intervals (the averaging volume) is often constant with height. For their one-dimensional
model, Luhar and Britter (1989) and Luhar et al. (1996), with 15 000 and 20 000 particles
released, respectively, use vertical box heights ∆z of ∆z z i = 0.05 , and a ”horizontal” extent

∆X = 01
. , where X is the dimensionless travel distance, X = w∗ t z i , and w∗ denotes the
convective velocity scale. Luhar and Rao (1994) release 12 000 particles per hour in their fully
three-dimensional model, and use box dimensions ∆x × ∆y × ∆z of 200 m × 50 m × 10 m for
elevated and 200 m × 25 m × 5 m for surface releases (and take the average over 1 h). Hurley
and Physick (1991) have 5000 particles released in a two-dimensional model, and take
∆z = 25 m (with the inversion height z i = 1000 m ) and ∆x = 100 m . Rotach et al. (1996)

present a two-dimensional model and use 10 000 particles; the dimensions of the averaging
boxes are ∆z = 20 m (with inversion height varying from 820 m to 1980 m) and ∆x = 300 m .
The amount of additional variability of the model predictions caused by the box-counting
method differs. For one-dimensional models and the use of approx. 100 000 particles, this
variability seems to be small, whereas for two-dimensional particle models, this same number
of particles, when applying Taylor's frozen turbulence hypothesis, has to be simulated for far
longer time periods, which is about the limit of today's possibilities. For three-dimensional
models, the order of magnitude of the number of particles roughly is the square of the number
used in one- and two-dimensional models.
For example, Venkatram and Du (1997) report that with the simulation of 50 000 particles in
a one-dimensional model, model results are not sensitive to the size of the numerical sampling
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box. On the other hand, Du and Wilson (1994) (who do not mention the number of simulated
particles) show concentration contour plots from a two-dimensional model where the size of
the sampling volume can still be detected from the figures shown in their paper. The same
holds for results from the one-dimensional particle model of Thomson and Montgomery
(1994), who use 90 000 to 120 000 particles. This means that for two- and three-dimensional
models, the expected increases in computing power in the near future will not be sufficient to
rely on box-counting concentration estimations. Anyway, all of the box sizes used by particle
modelers mentioned above are averages over volumes far larger than any receptor sampling
volume.
Also, Yamada and Bunker (1988) report that determining the concentration at a given time
and location by counting the particles simulated by their fully three-dimensional RAPTAD
meso-scale particle model yields considerably varying results, depending on the size of the
sampling volume and the number of particles used.
4.2.2 Near-source concentration estimation
Two areas can be identified where the box-counting method is most likely to be sensitive.
Firstly, concentration predictions for the near-source field, where changes in the particle
density are sharp and large proportions of the total number of particles might still be within
the volume of few sampling boxes. Secondly, the estimation of surface concentrations, which
are of interest for most air pollution simulations, but are likely to show gradients near the
surface over distances similar to the vertical extent of box sampling volumes. For
concentration predictions in the far field and for smooth particle probability density functions,
the box-counting method will produce the same results as any other method, although the
kernel method remains more efficient in these cases as well.
As an example to illustrate the variability in concentration predictions while using the boxcounting method, simulations have been performed for a non-buoyant release at the height
z s = z i 2 , with different widths and positions of the boxes in which the particles are counted

(Fig. 1). For the simulation, 1000 particles are emitted per second, the total duration of the
simulation was 1000 seconds. The stochastic Lagrangian particle model used fulfils the wellmixed condition of Thomson (1987). All details of the model are outlined in Rotach et al.
(1996).
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Figure 1 Vertical profiles of estimated concentration (in µg·m–3) for different sizes of the boxes in
which the particles are counted. Profiles are taken at 200 m, 300 m, 400 m, and 500 m
downwind of the source. The dashed line (– – –) shows the boxcounting prediction for
vertical and horizontal box sizes of 0.05· z i . The dotted line (- - -) is for vertical and
horizontal sizes of 0.005· z i . The thick line (—) depicts the ”true” concentration (see text).
The thin solid line (—) shows the concentration predition using the kernel method as
recommended in section 4.5.5. Release height is at z z i = 0.5 ; source strength 1 g ⋅ s −1 ;
z i = 2000 m , u∗ = 0.36 m ⋅ s −1 , L = −37 m , u ( z = 10 m ) = 21
. m ⋅ s −1 .

Concentration predictions for two sampling box sizes are shown in Fig. 1. The vertical size of
0.05 z i (dashed line in Fig. 1) is often chosen by particle modellers (see above). The ”true”

concentration profile, based on 100 000 instead of 1000 particle trajectories, is depicted by a
thick line in Fig. 1. It becomes clear that the near-source maximum concentration will be
clearly underestimated for box sizes of 0.05 z i . The other density estimation shown in Fig. 1,
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with box size 0.005 z i (short-dashed line), makes the concentration prediction fluctuating from
one box volume to the other. However, the true value of concentration is approximated more
adequately by the smaller box sampling volumes, despite the additional scatter. An additional
smoothing procedure would improve the results (see, for example, Rotach et al. 1996). As an
example, the results from a kernel density estimation following the recommendations of
section 4.5.5 of this paper are also depicted in Fig. 1 (thin line).
4.2.3 Ground level concentration estimations
In Fig. 2 an example for the effects of box-counting on predicting ground-level concentrations
is given. In this numerical experiment, the release took place at a height of 5 m, i.e. within the
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Figure 2 Same as Fig. 1, but for down-wind ground-level profiles of estimated concentration. Source
is located at z = 5 m .

lowest sampling box. As for Fig. 1, results for vertical box sizes of 0.05 z i (dashed line) and
0.005 z i (dotted line) are depicted. Also shown are the ”true” concentration based on 100 000
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particles (thick line) and the results from a triweight density kernel constructed after section
4.5.5 (thin line).
For the (widely used) 0.05 z i vertical box size, the ground-level concentrations, in this
example, are oversmoothed, i.e. underestimated, by a factor of approximately 2 in the nearsource field. The box size in the horizontal directions has been chosen equal to the vertical
box size, leading to a first box center at a downwind-distance of approx. 5m ( 0.005 z i box
size) and 50m ( 0.05 z i box size), respectively. For the smaller box with 0.005 z i vertical size,
the estimates show a large random scatter (large variance) but no bias. The kernel estimation,
on the other hand, provides a smooth estimate with almost no bias.
4.3 DENSITY KERNELS
4.3.1 Concentration estimation with density kernels
The kernel density estimator for the normalised concentration c of n given particles of equal
mass at positions x i is
c( x ) =

1 n  x − xi 
,
∑ K
nh i=1  h 

(1)

where h is the width of the kernels (see section 4.4), and K is the kernel function, fulfilling

K ( x ) ≥ 0 ∀x , and normalised so that

∫ K ( x) dx = 1,
(thus making c a density distribution, i.e.,

(2)

∫ c( x) dx = 1). One of the most widely used kernels

is the Gaussian kernel K G ,
K G (r ) =

1
 1 T 
r r ,
d 2 exp  −
 2

(2π )

(3)

where d denotes the dimension (for example, d = 2 for two-dimensional particle models).
The proper choice of the bandwidth h is of greater importance than the choice of the shape of
the kernel (additional kernel shapes are introduced in section 4.3.2), since h plays the role of a
smoothing parameter. There are several proposals for determining the value of h from the
data. These methods aim at ”balancing” two counteracting measures, the bias (caused by the
smoothing, which increases for large h) and the variance (increasing for small h).
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In the following, the underlying distribution of particle positions x i will be denoted as f ( x ) .
Then, the measure on the over-all accuracy of the concentration estimate c( x ) adopted here,
which is an estimator of f , is the mean integrated square error,
MISE (c ) =

where the

[∫ {c(x) − f (x)} dx]
2

(4)

[ ] -brackets denote the average over all possible data obeying

f ( x ) . The right hand

side of Eq. (4) can be formulated as
MISE (c ) =

∫ {[c(x )] − f (x )}

2

dx + ∫ var{c( x )}dx

(5)

i.e., as the sum of the integrated square bias and the integrated variance. Expressing c( x ) by
Eq. (1) and taking the first term of the Taylor series expansion of f ( x ) , the integrated square
bias can be approximated by (see Silvermann, 1986, for details)
1
∫ {[c(x )] − f (x )} dx ≈ 4 h α ∫ {∇ f (x )}
2

4

2

2

2

dx

(6)

and the integrated variance

β

∫ var{c(x )}dx ≈ nh
where β = ∫ K 2 ( x)dx and α = ∫ x12 K (x )dx

(7)

d

(x = [ x , x , x ] ) . An ”optimal” bandwidth h
T

1

2

3

opt

for use in Eq. (1) can then be found by using the approximations (6) and (7) in Eq. (5), which
becomes minimal for
hopt = A( K ) ⋅ σ ⋅ n

−

1
d +4

(8)

for a particle distribution f ( x ) with standard deviation σ (see section 4.4 for details). Thus
the optimal bandwidth, hopt , itself depends on the distribution of the data which are to be
smoothed, f. The function A( K ) is defined as
 β
A( K ) = d 2
 α

{∫ ( ∇ f ) }
2

2

1

−1

 d +4


(9)

In this paper, we assume that f be normal. Then,

{∫ (∇ f ) } = 4d((22 +πd))
2

2

d

For Gaussian kernels K G (Eq. 3),
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(10)

β  1 
=
 .
α2 2 π 
d

So

for

Gaussian

A( K G ) = (4 [ d + 2])

kernels,
+1 ( d + 4 )

substituting Eqs.

(11)
(10)

and

(11)

into

(9)

leads

to

. The values of α and β for all other kernels discussed in the

following sections are derived in Appendix A.
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Figure 3 Comparison of one-dimensional Gaussian, Epanechnikov, bi-, tri-, quad- and quintweight
kernels. The bandwidth of the Gaussian kernel is unity, and taken from Table II for the
other kernels (see section 4.4.2). (Only the part for positive x is depicted; all kernels are
symmetric around zero.)

4.3.2 Suitable kernels for particle models
In this paper, one family of kernels other than Gaussian is investigated, that of the form

C (1 − x T x ) a
K a ( x ) =  d ,a

0

(x

x < 1)
otherwise
T

In Eq. (12), C d , a are normalising factors ensuring that

∫K

(12)

a

dx = 1 , which are derived in

Appendix A (see Table I). For a = 1 up to a = 5 , these kernels are called Epanechnikov and
bi-, tri-, quad- and quintweight kernels, respectively. Figure 3 depicts their one-dimensional
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form, with different bandwidths h for every kernels. The relations between values of h for
different kernels having approximately the same smoothing effect are given in section 4.4.2.

Cd , a

a =1 a = 2 a = 3

a=4

a=5

d =1

3
2c1
2
c2
5
2c3

945
384c1
5
c2
1155
128c3

693
256c1
6
c2
3003
256c3

d=2
d =3

15
8c1
3
c2
35
8c3

105
48c1
4
c2
315
48c3

Table I Normalisation constant Cd ,a (Eq. alt 9) for Epanechnikov (a = 1) , biweight (a = 2) ,
triweight (a = 3) , quadweight (a = 4) and quintweight (a = 5) kernels for up to three
dimensions ( c1 = 2 , c2 = π , c3 = 4π 3 ).

Note that the support (the d-dimensional interval over which the kernel function is non-zero)
is infinite for the Gaussian kernel (Eq. 3) and limited for the other five types (Eq. 12). The
Epanechnikov kernel ( a = 1 ) is optimal in minimising the MISE (Epanechnikov 1969), but its
derivative is discontinuous. As can be seen from Fig. 3, the differences between the Gaussian

(

)

a

kernel and kernels of the 1 − x T x -type decrease for increasing a, the only significant
differences occurring at the tails of the distribution. Because of the small differences between
the kernel shapes, other criteria such as the ease of computation are important as well as the
question, which of the kernel functions resembles most the distribution of observed turbulent
wind fluctuations. The latter are generally assumed to be normally distributed (with the
exception of the vertical component for convective conditions), making the Gaussian kernel
the most natural choice. However, the assumption of a normal distribution of wind
fluctuations attributes a non-zero possibility (though very small) to unphysically large values.
This would support the choice of a kernel with a limited support interval such as, say, the
triweight kernel.
Another approach is the kernel method adopted by Lorimer (1986). He uses the product of a
three-dimensional Gaussian with a three-dimensional Epanechnikov kernel. Because this
kernel is still defined over an infinite domain, we only compare kernels after Eq. (12) with the
Gaussian kernel.
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It should be kept in mind that the concentration estimation using density kernels within
particle models is a numerical task, and thus any form of kernel function can be used in
principle. But the analogies which show up between these numerically motivated kernel
density estimators and the concept of clusters of particles as adopted in puff models is
remarkable, and is further discussed in section 4.6. Recommended kernel functions which
perform well numerically and have a form which can be compared to physical observations
are given in section 4.5.5.
4.3.3 Three-dimensional vs. product kernels
The approach formulated in section 4.3.1 is d-dimensional, and thus yields a single bandwidth
for d-dimensional kernels. Since atmospheric dispersion in the logitudinal, cross-wind and
vertical directions is, from the point of view of density estimation, very similar, this approach
is justified.
In other scientific areas, however, often three-dimensional density kernels are being used
which are the product of one-dimensional kernels. In such so-called product kernels, instead
of Eq. (1),
c( x ) =

1
nhx h y hz

 3  x i − x ij  
 
K 
∑ ∏
 h j  
i =1  j =1
n

(13)

where the bandwidths hi of the kernel distributions in the three directions are calculated in
analogy to the one-dimensional case. Product kernels have the advantage of easier
mathematics, and are easier to handle in the case of data points with large differences in the
standard deviations in the three directions (dimensions).
For Gaussian kernels, Eqs. 1 and 13 are identical. This relationsship does not hold any longer
for Eq.-(12)-type kernels. Fig. 4 depicts the differences in density distribution between a threedimensional triweight (using Eq. 1) and the corresponding product kernel (Eq. 13). The
product kernel formulation leads to higher densities in the edges and in the center of the
carrier domain, while having smaller densities in the other regions. In the field of atmospheric
dispersion, diffusion is approximately equal in all directions and no “edges” with higher
probabilities do exist. This means that product kernels are less suited for atmospheric
dispersion data than fully three-dimensional kernels. Therefore, only the latter are investigated
in this paper. But for applications where the standard deviations of the data points
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substantially differ according to direction, product kernels may avoid the necessity of scale
transformations.

0.012
0.009
0.006
0.003
0.000
-0.003
-0.006

Figure 4 Density differences for a two-dimensional triweight vs. the corresponding product kernel.

4.4 BANDWIDTH ESTIMATION
4.4.1 Theory
The optimal bandwidth as given by Eq. (8) is only optimal under the assumption that the
distribution of the data be normal. Therefore, more robust rules-of-thumb have been
constructed. A recommended one is

hrob. = α ⋅ A( K ) ⋅ n

−

1
d +4

R 

min  σ ,
,
 134
. 

(14)

where R is the interquartile range, i.e. R = R3 4 − R1 4 , and α is taken as 0.85 in the present
study. The upper quartile R3 4 and lower quartile R1 4 are defined as those values out of the
data to be smoothed where 25% of the data has a larger or smaller value, respectively.
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Lorimer (1986) used a slightly different approach to determine the kernel bandwidth. The
bandwidth for the initial particle distribution was calibrated by visual comparision of the
resulting density distribution. This provides an approximate value for the term A( K )n −1 ( d + 4 )
in Eq. (14), which remains constant. Then, Lorimer (1986) calculates the new standard
deviation of the particle ensemble for every new time step, and thus calculates the bandwidth
using Eq. (14).
At this point, the idea of having an estimate σ$ for the value of σ might come up. This would
circumvent to some extent the fact that the optimal bandwidth depends on the density
distribution of the particles to be smoothed, and would save computing time, as the standard
deviation of the given particle distribution has not to be calculated. However, deriving
expressions for σ$ means to theoretically solve the problem of atmospheric dispersion, and
then no numerical dispersion model would be required as soon as correct, i.e. bias-free σ$
expressions (as a function of travel time or of downwind distance) are available.
4.4.2 Equivalent bandwidths for different kernels
It is possible to switch between kernels without reconsidering the optimal bandwidth. As soon
as an optimal bandwidth has been chosen for one type of kernel, bandwidths for other kernels
which show the same smoothing characteristics (called ”equivalent bandwidths”can be
derived using Eq. (8)). The kernel dependence of the bandwidth is expressed by the function
2
A( K ) , and only the β α -part (Eq. 11) depends on the kernel itself. The ratio between two

equivalent bandwidths for two kernels K1 and K 2 of the same dimensionality is
h1  β 1 α 12 
=

h2  β 2 α 22 

1 ( d + 4)

(15)

For d = 1 and d = 3 , Table II lists the corresponding conversion factors between equivalent
kernel bandwidths.

onedimensional

From/To
Gaussian
Uniform
Epanech.
Biw.

Gaussian
1
0.575
0.452
0.381

Uniform
1.740
1
0.786
0.663

Epanech.
2.214
1.272
1
0.844
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Biw.
2.623
1.507
1.185
1

Triw.
2.978
1.711
1.345
1.136

Quadw.
3.296
1.894
1.489
1.257

Quintw.
3.586
2.061
1.620
1.367

threedimensional

Triw.
Quadw.
Quintw.

0.336
0.303
0.279

0.584
0.528
0.485

0.743
0.672
0.617

0.881
0.796
0.731

1
0.904
0.830

1.107
1
0.919

1.204
1.088
1

Gaussian
Uniform
Epanech.
Biw.
Triw.
Quadw.
Quintw.

1
0.450
0.389
0.342
0.308
0.283
0.263

2.220
1
0.863
0.759
0.684
0.628
0.583

2.572
1.158
1
0.880
0.793
0.727
0.675

2.924
1.317
1.137
1
0.901
0.827
0.768

3.244
1.461
1.261
1.109
1
0.917
0.852

3.537
1.593
1.375
1.210
1.090
1
0.929

3.808
1.715
1.481
1.302
1.174
1.077
1

Table II Bandwidth conversion factors for different kernel shapes. To obtain equivalent smoothing
with the kernel shape K2 as with kernel K1, multiply the K1 bandwidths with the factor
from row K1, column K2. Also shown are results for a uniform kernel.

4.4.3 Kernels with variable bandwidth
The use of individual bandwidths for every kernel rather than using the same hopt for all
kernels allows for adequate smoothing where particle density is high, whilst minimising the
variance of the estimation in regions of low simulated particle densities. This is of special use
for near-source as well as ground level concentration estimations, e.g. the most natural field of
use of density kernels in atmospheric dispersion modelling.
For every kernel an individual bandwidth h ⋅ λi is used. To obtain the λi , a first-guess
estimator c$( x) is used (for example using hopt from Eq. 8). The λi are then chosen
proportional to c$( x i )

−α

, where xi denotes the position of the i-th particle. Silvermann (1986)

recommends a value α = 0.5 . However, such variable bandwidths are not investigated in this
paper.
4.5 KERNEL SENSITIVITY
4.5.1 Kernel shape comparison
The effect of different shapes of density kernels is investigated and compared to the ”true”
concentration prediction within a Lagrangian particle model. This ”true” concentration is
obtained by using a very large number (500 000) of particle trajectories for the full threedimensional model simulation. For 500 000 particles, the effect of kernel shape vanishes (no
difference larger than 1.1%), and the arithmetric mean of the bi-, tri- and quadweight kernel
results has been used as the ”true” estimate. These ”true” concentration predictions are then
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compared to estimations by different kernel methods, for different numbers of particles
released (500, 5000 and 50 000).
The meteorological conditions and the set-up of the Copenhagen tracer experiment are used
for comparison. This experiment took place under atmospheric conditions of forced
convection. Measurements of wind speed, friction velocity, wind fluctuation standard
deviations, Obukhov length and mixing layer depth are available (see Gryning and Lyck,
1984, for more details on the experiment). The tracer was released from a 115 m high stack,
and sampled at arcs of ground-level receptors typically 2 to 6 km down-wind from the source.
The averaging time is one hour. For the present kernel shape comparison, the simulated
concentrations have been evaluated for those locations where the receptors have been placed
during the Copenhagen experiment. This was done to obtain a typical application for a
Lagrangian particle dispersion model.
For the numerical simulation, the Lagrangian particle model of Rotach et al. (1996) is used,
which has a probability density function (pdf) suitable for neutral to convective conditions. It
has been extended to three dimensions (de Haan and Rotach 1998b) and fulfils the well-mixed
condition of Thomson (1987). However, in the validation discussed in this section, the focus
is not on finding the kernel shape obtaining the highest correspondence with the measured
concentration values. Instead, the kernel concentration estimates are compared to the ”true”
concentrations yielded for the simulation of 500 000 particles (see above). This way, we will
be able to know which kernel shape has the lowest bias for a given number of released
particles, and is best suited for telling the particle modeller what the model actually predicted.
The near-source field is investigated in section 4.5.3, and the intermediate field (roughly
between 1 and 6 km down-wind from the source) in section 4.5.4.
4.5.2 Experimental set-up
The simulations are performed by essentially rebuilding the experimental set-up. At the
mixing height z i as well as at the ground, perfect reflection without any entrainment or
deposition of pollutants is assumed. To ensure that the inverse of the time steps for the
simulation lies in the inertial subrange for the particle part of the model, the criteria after
Rotach et al. (1996) are applied. The mean wind profile was determined based on an approach
by Sorbjan (see Rotach et al. 1996 for details).
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To ensure mass conservation, for the kernel concentration distributions belonging to each
particle, image sources are assumed below the ground and above the inversion height. For
Gaussian shaped kernels K G (Eq. 3), six image sources were placed, i.e., at z = − hs ,
2z i − hs , – 2z i − h s , 4z i + hs etc., where hs is the actual height of the particle. This is

necessary to ensure that no mass gets lost (maximum loss is 0.10%). For the non-Gaussian
kernel shapes with a limited carrier interval, only 4 image sources (2 below the ground, 2
above z i ) are needed at maximum (maximum loss is 0.06%).
For the present comparison, all data from the Copenhagen experiment (9 runs) have been
simulated.
4.5.3 Near-source predictions
In Fig. 5 results are shown for one of the experimental runs. The ”true” estimate based on
500 000 particles acts as ”reference”. The effect of the number of particles upon the groundlevel concentrations is larger than the choice of kernel shape. This result had to be expected,
since a kernel, and its shape, is only a numerical method of translating particles positions into
concentrations, whereas a tenfold increase in the number of simulated particles is likely to
significantly increase model performance.
The kernel method will always produce ”smooth” concentration profiles, even for very low
numbers of particles, because the kernel bandwidths adapt to the number of particles. For a
similar effect using the box-counting method, it would be necessary to automatically
determine the sampling box size from the number of particles. But the amount of unwillingly
introduced additional smoothing (bias), i.e., artificial dispersion, will be higher for lower
particle numbers. This will lead to an earlier and steeper increase of ground-level
concentration near the source, and a faster decline of ground-level concentration after reaching
the concentration maximum (Fig. 5).
The interesting question is which kernel shape approaches the ”true” estimate faster, that is,
performs best for a given number of particles. To assess the near-source prediction
performance, four ratios are calculated: The ratio of predicted to ”true” maximum groundmax
level concentration, R1 = χ max
pred . χ ’true ’ − 1 : the corresponding ratio of down-wind distances,
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Intercomparison of estimated ground-level concentration for different kernel types and
numbers of particles. (a) Gaussian and Epanechnikov kernels; (b) bi- and triweight kernels;
(c) quad- and quintweight kernels. Thick solid line (—): estimate for 500 000 particle
trajectories using triweight kernels. Simulations with 500 particles are marked with minus
signs (–), 5000 particles with circles (o), 50 000 particles with plus signs (+). Copenhagen
exp. from Jun. 27, 1979
( z i = 1850 m ,
u∗ = 0.64 m ⋅ s −1 ,
L = −104 m ,
u ( z = 10 m ) = 41
. m ⋅ s −1 ).

4-18

max
max
R2 = x pred
. x’true ’ − 1

(where

the

distances

are

defined

max
max
χ ( x pred
. ) = χ pred .

by

and

max
χ ( x’max
the ratio of the down-wind plume-centerline integrated ”overtrue ’) = χ ’true ’ );

/underpredicted” concentration to the total down-wind integrated ”true” concentration, i.e.,
∞

R3 = ∫ χ pred . ( x ) − χ ’true ’( x ) dx
0

∞

∫ χ ( x)dx

(16)

’true ’

0

and a ratio which measures the ”smoothness” of the prediction,
∞

R4 = ∫
0

∂
χ ( x)
∂x pred .

∞

∂
∫ ∂x χ ( x ) − 1

(17)

’true ’

0

Unity is subtracted from R1, R2 and R4 so that all ratios are zero for a perfect prediction.
The cross-wind integrated plume-centerline groundlevel concentrations for experiment 7 of
the Copenhagen data set were compared. The resulting ratios are listed in Table III. Two
groups can be distinguished: the Gaussian, Epanechnikov and quintweight kernel on the one
hand, and the bi-, tri- and quadweight kernels on the other hand. However, the first group is
heterogeneous, since the performance of the Gaussian and Epanechnikov kernels is worsened
because of ”oversmoothing” (the maximum concentration is overpredicted, and too close to
the source, which leads to higher values of R1 and R2 , respectively). The performance of the
quintweight kernel is most influenced by its ”undersmoothing”, i.e., the oscillating prediction
(scatter) (see Fig. 5c).
Out of Table III, two tendencies can be distinguished. First, for an increasing number of
particles, the quadweight kernel takes over the role of best predicting kernel from the
triweight kernel. Second, the influence of the shape of the kernel vanishes for higher numbers
of simulated particles, and is in fact negligible for the simulation of 50 000 particles. As a
result, the triweight kernel can be recommended as the best kernel shape for near-source
predictions; for high numbers of particles, the quadweight kernel performs slightly better.
4.5.4 Intermediate-field predictions
The intermediate-field prediction performance of the different kernel shapes is compared by
calulating widely used statistical measures. From the predicted concentrations at the
individual receptor locations, the arcwise maximum concentration and the cross-wind
integrated concentration (on the arc) are determined. As statistical measures to describe the

(

model performance, the fractional bias, FB = C"true" − Cpred.
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) (0.5(C

"true"

))

+ Cpred . , and the

500 part.

R1
R2
R3
R4
sum

5000 part.

R1
R2
R3
R4
sum

50000 part. R1

R2
R3
R4
sum

Gaussian Epanechn.
0.3138
0.3875
–0.4268
–0.4157
0.2987
0.3441
0.4182
0.5085
1.4575
1.6558

Biweight
0.2939
–0.3846
0.2439
0.3792
1.3017

Triweight
0.0407
–0.2564
0.0941
0.0762
0.4674

Quadw.
0.4342
0.0623
0.1196
0.5844
1.2006

Quintw.
0.1836
0.1201
0.1379
1.1997
1.6413

0.1270
–0.2654
0.1076
0.1798
0.6798

0.0951
–0.2829
0.1180
0.1525
0.6486

0.0889
–0.2564
0.0801
0.1409
0.5663

0.0331
–0.2102
0.0447
0.0533
0.3413

0.0641
–0.2033
0.0289
0.0963
0.3926

0.2274
–0.2267
0.0344
0.4377
0.8762

0.0984
–0.1236
0.0488
0.1261
0.3968

0.0438
–0.2033
0.0488
0.0703
0.3661

0.0461
–0.0705
0.0241
0.0581
0.1988

0.0528
–0.0173
0.0126
0.0581
0.1408

0.0350
0.0092
0.0091
0.0300
0.0833

0.0634
–0.0273
0.0170
0.2055
0.3132

Table III Ratios for the near-source performance of different concentration estimation kernel methods
(using Gaussian, Epanechnikov, bi-, tri-, quad- and quintweight kernels) for the release of
50 000, 5000 or 500 particles, respectively. The reference estimation was obtained by
releasing 500 000 particles. For definitions of R1 – R4 see text. The lowest absolute value in
each row is shown in bold typeface. The sum denotes the sum of the absolute values of the
ratios.

normalised mean square error, NMSE = ( C"true" − Cpred. )

2

( C"true"Cpred. ) , are determined, where

C"true" is the ”true” (reference) concentration and C pred. the simulated one.

The behaviour found for the single run 7 as depicted in Fig. 5 can be found for all 9 runs. In
Table IV, the NMSE and FB statistical measures for the performance on the whole data set are
listed. Note that the statistical measures are given relative to the ”true” estimate, not to field
measurements.
Several conclusions can be drawn from the results in Table IV. First, even for 500 particles,
the NMSE and FB values resulting are not that large. Other assumptions underlying the
dispersion model could cause effects of a comparable magnitude. This means that for
intermediate to far-field concentration predictions with particle models, a few thousand
particles will do the job even in three-dimensional models (with kernel density estimation).
Second, for all three different numbers of simulated particles, the quadweight kernel performs
best, and the triweight kernel second best. These two kernel shapes also performed well in the
near-source assesment. Third, for 50 000 simulated particles, the differences in performance
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between different kernel shapes are minor, and certainly not significant anymore: regarding
the low values of NMSE and FB, it is hard to determine which kernel actually performs best.
ArcMax
NMSE
500 000 reference

FB

CIC
NMSE

FB

0.000

0.000

0.000

0.000

50 000 Gaussian
Epanechnikov
biweight
triweight
quadweight
quintweight

0.009
0.008
0.005
0.004
0.003
0.019

0.014
0.045
0.029
–0.021
–0.039
–0.083

0.014
0.004
0.002
0.002
0.001
0.006

–0.008
0.011
0.008
–0.026
–0.021
–0.057

5000 Gaussian
Epanechnikov
biweight
triweight
quadweight
quintweight

0.020
0.034
0.022
0.013
0.010
0.060

0.068
0.101
0.069
0.020
–0.003
–0.129

0.007
0.011
0.007
0.003
0.003
0.003

0.001
0.042
0.029
0.007
0.007
–0.034

500 Gaussian
Epanechnikov
biweight
triweight
quadweight
quintweight

0.136
0.151
0.101
0.037
0.033
0.184

0.253
0.261
0.206
0.116
0.007
–0.249

0.033
0.036
0.026
0.016
0.010
0.019

0.107
0.104
0.084
0.060
0.007
–0.023

Table IV Statistical measures for the performance of different concentration estimation kernel
methods (using Gaussian, Epanechnikov and bi-, tri-, quad- and quintweight kernels) for the
release of 50 000, 5000 or 500 particles, respectively. The reference estimation is the
arithmetic mean of the results obtained for 500 000 particles for bi-, tri- and quadweight
kernels.

The results listed in Table IV show that the NMSE and FB values are reduced by a factor
between 2 and 4 by simulating the tenfold number of particles. For 5000 particles, the NMSE
and FB caused by the kernel procedure are already neglibible. This statement holds for
concentration predictions at down-wind distances like those where the receptor arcs in the
Copenhagen experiment were located (2 to 6 km down-wind from the source). For nearsource predictions, before the maximum ground-level concentration occurs, this number
probably is inaccurate, as can be seen in Fig. 5, but a number of 50 000 simulated particles
should give a high accuracy. When conducting particle simulations for down-wind distances
so near to the source that even a number of 50 000 particles (using the kernel estimate
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method) could be considered insufficient, parametrizations within the particle model (e.g., for
turbulence, the timestep and the pdf) are likely to have an even larger impact.
4.5.5 Recommended scheme
The triweight kernel approaches the near-source ”true” estimate faster than the other kernel
shapes investigated (see previous sections). For intermediate to far-field estimations, the
quadweight kernel is best. For the Copenhagen experiment, the simulation of 5000 particle
trajectories has been shown to be more than sufficient when using a fully three-dimensional
stochastic particle model. The same number has also been used by the author to simulate other
tracer experiments which took place under stable and fully convective conditions. In fact,
when the measurements available took place further down-wind than the location at which the
ground-level concentration has its maximum (as is the case for the Copenhagen experiment),
500 particles together with quadweight kernels produce very good results.
It also is recommended to use the more robust formulation of Eq. (14) instead of Eq. (8). This
produces clearly better predictions especially in situations where the assumption of normal
distribution of the particle positions cannot be justified, i.e., for fully convective conditions, as
well as for the vertical direction after the release has become well-mixed over the entire
boundary layer (not shown). In future work, the use of kernels with variable bandwidths, as
briefly outlined in section 4.4.3, will be further refined. This technique will eventually allow
for more robust and even more efficient concentration predictions.
4.6 ANALOGY OF DENSITY KERNELS AND PUFFS
4.6.1 Interpretation of density kernels as clusters of particles
When interpreting density kernel distributions as models for clusters of pollutant particles
(puffs), one has to be aware of the fact that the kernel approach originates from the need for a
numerical non-parametric regression method. To fullfil this numerical task best, the
bandwidths of density kernels should be chosen according to the procedure outlined in section
4.3. With the corresponding Eqs. (8) and (14), for the simulated particles obeying the same
density distribution, kernels obtain smaller bandwidths as the particle number increases.
Density kernel bandwidths formulations derived from some physical description of cluster
growth must not depend on the number of particles within the cluster, but only on the size of
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the latter. The growth rate of such a cluster of particles depends on its size, i.e., the range of
eddies small enough to be capable of dispersing the cluster.
Numerically obtained kernel bandwidths, on the other hand, depend on the number of
particles released (Eq. 8). This fundamental difference could lead to the assumption that no
relation can be established between cluster growth and kernel bandwidth, although such a
relation would be desirable in order to be able to ”blend” puff and particle models. One way to
indeed blend puff and particle models, which uses kernels with physically motivated sizes
taken from dispersion theory, is the Puff-Particle approach by de Haan and Rotach (1998b).
4.6.2 Bandwidth estimates taken from dispersion theory
It should be distinguished between absolute and relative dispersion: Relative dispersion
accounts for the dispersing effect of all turbulent eddies smaller than the separation of two
particles, since these eddies will be able to enlarge their mean distance. Absolute dispersion
describes the spread of a release with respect to a fixed point in space, and thus accounts for
the dispersing effect of eddies of all sizes.
As the growth of a cluster of particles is described by relative dispersion, parametrisations of
this growth, e.g. as a function of cluster size, could also be used as bandwidths of density
kernels. Relative dispersion is applied in puff dispersion models which use frequently updated
wind fields to account for all dispersion originating from eddies larger than the size of an
individual cluster (thus not yet covered by the relative dispersion for such a cluster).
However, the size of a relatively dispersed cluster (i.e., puff) differs fundamentally from the
numerical bandwidth for a density kernel. This can easily be verified by looking at two
hypothetical cases: First, doubling the number of simulated particles will reduce the numerical
bandwidth according to Eq. (8); the physical size of a cluster under the given turbulent
conditions is not affected. Second, kernel bandwidths will only increase when the mean
distance between particles increases, whereas relatively dispersed clusters grow with every
timestep.
4.6.3 Use of absolute dispersion to describe kernel bandwidths
The RAPTAD model of Yamada et al. (1987, 1989) and Yamada and Bunker (1988)
combines a particle model with Gaussian shaped density kernels. They use the physical
concept of absolute dispersion to estimate the appropriate bandwidth of these kernels. This is
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a physical constraint determining the size, in contrast to the numerically motivated
bandwidths as outlined in section 4.4.
For a sufficiently high number of particles, the bandwidths of the numerical kernel will be
smaller than the size of relatively dispersed puffs (see preceding section). This adds dispersion
to the dispersion model as a whole, i.e. it widens the predicted concentration distribution.
Therefore, this additional dispersion has to be removed from the particle model, by modifying
(reducing) the turbulent energy spectrum representing the stochastic particle trajectories. This
approach is realised in de Haan and Rotach (1998a), where a low-pass filter depending on the
size of the relatively dispersed puff filters out dispersion from the particle trajectories.
Note that the ”dispersion” added to the model by the numerical kernel bandwidths should not
be filtered out of the particle model. It is the smoothing necessary to interpolate between
particle positions, and tends to zero as the number of particles approaches infinity (whereas
the overdispersion caused by the physical sizes remains constant).
4.7 SUMMARY AND CONCLUSIONS
A method is proposed to estimate concentrations from stochastic Lagrangian particle models.
Traditionally, most particle modellers use the box-counting method, where concentration is
estimated by counting particles in imaginary sampling boxes. Using such box-averaged
concentrations as an estimation for point concentrations, if boxes are chosen too small, the
concentration distribution becomes noisy (having a large variance); if they are too large, the
concentration is oversmoothed (having a large bias). It is shown for two hypothetical sourcereceptor configurations that the choice of box sizes can cause large differences in the
predicted concentration, especially for near-field and ground level predictions. Only large
particle numbers can minimize these effects.
The kernel density estimation method is proposed as an alternative which minimizes the sum
of the variance and the bias of the predicted concentration distribution. This allows for the
number of particles to be reduced by an order of magnitude as compared to predictions made
with the box-counting method. The most important parameter, the bandwidth of the kernels, is
determined from the standard deviations of the particle position distribution.
The effectiveness of six different kernel shapes in concentration estimation is investigated.
The so-called quadweight kernel, used with a robust parametrisation for the calculation of
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bandwidth, has optimal performance. It yields optimal results even if only a few thousand
particle trajectories are simulated. The use of dispersion theory to describe kernel bandwidths,
allowing an interpretation of the kernels as physically meaningful clusters of particles, is only
possible if the corresponding amount of dispersion which has been added by the bandwidths
of the kernels is removed from the stochastic particle trajectories (de Haan and Rotach 1998a).
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APPENDIX—DETERMINATION OF C d , a , α AND β
T
The normalizing factor C d , a for kernels of the form (1 − x x )

a

(introduced in Eq. 12) is

calculated by integrating in d dimensions the non-normalized kernel. Alternatively, the ddimensional rotational volume can be calculated, C d ,a −1 = c d ∫
substitution y = (1 − x

)

= K a ( x ) and K a −1 ( y ) = (1 − y

2 a

Cd , a =

{∫ (1 − x x) dx}
T

a

−1

)

1a 12

∞

0

[ K ( y )]
−1

a

d

dy , with the

:

 1

d2
= c d ∫ (1 − y 1 a ) dy 
 0


−1

(A1)

where c d is the volume of the unit d-dimensional sphere (i.e. c1 = 2 , c 2 = π , c3 = 4π 3 ). For
a = 1 , this gives C d ,1 −1 = 2c d ( d + 2) , and the general solution is
a

Cd , a


Γ( a + 1) 
= π d 2

Γ ( a + 1 + d 2) 


−1

=

∏ ( d + 2i )
i =1

cd ⋅ 2 a ⋅ a !

(A2)

For the kernel functions used in this paper and for up to three dimensions, the corresponding
normalising factors are listed in Table I.
2
The determination of the value of β = ∫ K ( x )dx (introduced in Eq. 9) is straightforward

using the above method and result, yielding
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2a

Γ( 2 a + 1) 
2a
( 2 a) !
2 cd 2
=
β = Cd2, a ∫ (1 − x T x ) dx = Cd2,a π d 2
C

d ,a 2 a
Γ (2 a + 1 + d 2 ) 

∏ ( d + 2i )

(A3)

i =1

(

2
To obtain α = ∫ x1 K ( x) dx x = [ x1 , x 2 , x 3 ]

T

) , we calculate

 1− x12  1− x12 − x 22
 
a
α = Cd , a ∫  ∫  ∫ x12 (1 − x T x) dx 3  dx 2  dx1


 
−1  − 1− x 2  − 1− x 2 − x 2
 
1
1
2
1

=

Γ ( a + 1)π ( d −1) 2 1 2
( 2 a + d −1) 2
t (1 − t 2 )
dt
∫
Γ( a + ( d + 1) 2) −1

(A4)

With the solution

α = Cd ,a

2 a a !cd
a +1

∏ ( d + 2i )

(A5)

i =1

which has been proved for d ≤ 3 and a ≤ 5 . Combining Eqs. (A4) and (A5) with Eq. (10),

A( K ) from Eq. (9) can then be calculated.
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